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Braided Identities, Quantum Groups, and
Clifford Algebrast
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A Lie algebra in a braided category is constructed within the algebra structure
of the positive part of the Drinfeld—Jimbo quantum group of type A, such that
its universal enveloping algebra is a braided Hopf algebra. Similarities with
Clifford algebras are discussed.

1. INTRODUCTION

We are interested in the construction of a quantum Lie algebra (cf., e.g.,
Lyubashenko and Sudbery, 1998). The problem is the following: given aLie
algebra g, we have to construct adeformed Lie algebra g, with a generalized
universal enveloping algebra U(gy) such that the following diagram
commutes:

aq g
! 1 l
U(aq) = Uglg) 2= U(g)
where Uy(g) is the Drinfeld—Jimbo quantum group related to g and U(g) is
the universal enveloping algebra of g.

We propose a generalized Lie algebra in the case g = 91 (upper
triangular matrices) for which there hold a generalized antisymmetry property
and a generalized Jacobi identity. Similar structures appear in Gurevich
(1986), Woronowicz (1989), Wambst (1993), and Oziewicz et al. (1994).
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The algebra and coalgebra structure of the universal enveloping algebra of
our deformed Lie algebra are constructed in an analogous way to the classical
ones. Theantipode map isinduced by the existence of the generalized opposite
Lie algebra. We obtain a braided Hopf algebra structure on Ug(g) = U(gy).
Such a braid appear in Lusztig (1993). It is used as an auxiliary tool in order
to provethat the quantum Serre relations are compatible with the Hopf algebra
coproduct. However, hereit isrecognized as a part of abraided Hopf algebra.

2. BRAIDED IDENTITIES

If M, N, Rare k-modules and f: M - N alinear morphism, we denote
,=f®LM®R_-NQ®Radf,=1®f R®M - R® N.

Let A be an associative k-algebra with a multiplication m. Let o: A®?
- A®2 pe alinear morphism. Definef = m — mo: A®? A, fy, f,0 A3
A®2, The following identity holds:

m(f, — f; + fio, — fo00 + f2010, — f10500) = MMy(010201 — 020107)
D
The above identity is an analogy of the Jacobi identity for a bracket f. Such

a Jacobi identity will help us to extract a braided Lie agebra from the
Drinfeld—Jimbo quantum groups of type A,.

Lemma 1. Let
of, = 0.0, and of, = 10,0, 2
Then
f(fo0p — f10, + f1) = MMy(010,01 — 0,0105) + Myl — 0%  (3)

Another braided identity, linear in m, instead of quadratic asin Lemma
1, is given by Oziewicz and Rézanski (1994, p. 1084, Corollary 2.6).

There are more versions of (1). For instance, if f satisfies (2), o is an
invertible braid, 0102017 = 020102, then

f(f, — f; + fi021) = miy(o2* — 0y) 4
or if f satisfies (2) just over an element v e A®® and o is a braid, then
f(f; = f)(V) = fou(V) — fioa(V) ®)
Let A ®, A be ak-module A ® A with the following product:
@®b)(c®d) = ac(b® c)d (6)
Lemma 2. If
oMy = Mpo103 (M

oMy, = Moo, (8)
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then the product (6) is associative. If the unit 1 € A satisfies
Oa € A, o(l®a)=a®1, c@®1)=1®a 9
then 1 ® 1 is the unit for (6).

3. BRAIDS ARISING FROM COMMUTATIVE
CONSTRUCTIONS

There are structures built ontheflipx ® y+— y ® x, the Clifford algebras
and the Drinfeld—Jimbo quantum groups. While the latter is a Hopf algebra,
the former has no coalgebra map defined by means of primitives consistent
with the algebra structure. However, in both cases, they hide some braid
morphisms that enrich the theory. The Clifford algebras are generalized
braided Hopf algebras and the positive part of the Drinfeld—Jimbo quantum
groups is a genuine universal enveloping algebra of a braided Lie algebra,
and such a positive part is a braided Hopf algebra. The braided Hopf algebras
were introduced by Mgjid (1995).

3.1. Clifford Algebra as Braided Quantum Group

Definition 3. Let M be a k-module and f a bilinear form on M. The
Clifford algebra 4(M, f) is the k-algebra, with generators the elements of
M and relations

Ox,y € M, Xy + yx = 2f(x, y) (10
Following Burdevich (1994, p. 151), define o: M®2 . M®?2 by
ox®@y) = -y®x—-fx,y1&®1
cX® 1) =1Q X, d(1l®X) =xX 1, Ox,y e M

Then ¢ satisfies the braid equation. We can extend o to the tensor algebra
M® by equations (2) and (9). Then relations (10) hold for such an extension.
We induced a linear morphism o: Z4AM, f) ® e4M, f) - &AM, f) ®
#/(M, ) which is involutive, and satisfies equations (2) and (9) and the
braid equation.

Proposition 4. If f is symmetric, thenthemap M - &AM, f) ® eAM,
f), x—x® 1 +1 & x can be extended to an algebra morphism

b M, ) - ZAM, ) ®, ZAM, f)

Durdevich (1994) developed a counit and an antipode for braided Clif-
ford algebras, therefore, as a particular case for the classical Clifford algebra
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#7/(M, f). But, because of the lack of multiplicativity of the counit, even in
#7(M, f), the obtained structure is not a braided Hopf algebra, but a more
general one called a braided quantum group (Burdevich, 1997; see also Burd
evich & Oziewicz, 1996; Oziewicz, 1997; Burdevich, 2001).

A Clifford algebra #4(M, f) is the universal enveloping algebra of a
generalized Abelian Lie algebra; see Example 11. Therefore a braided Jacobi
identity (1) for 24 M, f) is a tautology 0 = 0.

3.2. Drinfeld—Jimbo Quantum Groups of Type A, Positive

We use the Drinfeld—Jimbo quantum groups in the Lusztig form. The
positive part of the Drinfeld—Jimbo quantum group of type A, isthe C[q, g~ Y]-
algebra generated by E, . .., E, with relations EEE? — (9 + g Y)EEE +
E?E = 0if |i —j| = 1and EE — EE = 0if |i — j| > 1. Thisagebrais
denoted Uqy(slii1). If g = 1, Uy(Sla+1) collapsesto U(sl.1), which isthe uni-
versal enveloping algebra of sl 4, and Uy(slq+1) is not a Hopf agebra with
the usual coproduct of the whole quantum group Uq(sl,+1) because the
elements Ki"* do not belong to Ug(sl4:1). However, later, a braided Hopf
algebra structure will be constructed on Ug(sli1).

Define inductively

Egnp=E, i=1...,n
Ei(i+k) = Ei(i+k—1)E(i+k—1)(i+k) - qilE(iJrkfl)(i+k)Ei(i+k71)1
l1<k<n+1-i
It can be proven that the elements E;, 1 = i <j = n + 1, generate a braided
Lie algebra.
3.3. A Braided Lie Algebra of Type A; Positive

Let Ly.1 be the C[g, g *]-module with afree basisEj, 1 =i < =
n+ 1 Let Cj,ab € Z be such that [[Eij: Eji]: Eab] = Cij,abEab and let [ ) ] be
the usual bracket on g, 1 (Lusztig, 1993, p. 3). Let atotal order be given by

Ej < Ew if i+j<a+b o (i+j=a+bandj<b)
Define
0. L1 ®@Lpsr » L1 @ L
o(Ej ® Ex) = iE,, ® E

The braid o is used in Lusztig (1993) as an auxiliary tool in order to
prove that the Drinfeld—Jimbo quantum group has a bialgebra structure. In
this work, o is used as a part of a braided Hopf algebra Uq(slq+1).
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Define [, 1o Lnes ® Lisy — Lnss by
[Eijy Eaplq = 8jaEip — %208, Ey

{(q — q HExEw if Ej=EsandEsp = Eyy
0

(Bj» Ban) = otherwise

Proposition 5. The following relations hold within Uy(sl4):
Eij, B — QUaEyE; = [Ej, Ewlq t (Ej, Ew) if E; <Ewp (11)

Proof. Using (5) for x = Eqp, ¥ = Es, Z = Ez, and then for X = Ejs,
y = Egs, Z = Eg, €tc,, we obtain (11) if Ej < Ey,. =

This proposition can be generalized to any n. In addition, the relations
(11) suggest a generalized commutator, while (4) suggests a Jacobi identity
with an involutive switch.

4. GENERALIZED LIE ALGEBRAS AND GENERALIZED
UNIVERSAL ENVELOPING ALGEBRAS

Definition 6. A k-module L together with bracket[ ,]: L® L - L, a
pseudobracket (, ) L& L - L® L, and presymmetry SLOL - L®L
is said to be a T-Lie algebra if the following conditions hold:

=1

[,1S=-[,1,(.)S=-(.)»[,K,»=0

LI =0, 1 +[,]:S) =0

If u e L3® such that Sy(u) # u, S,(U) # u and S;S,(u) # Sy(u), then
9 JiW) = [, :SS(u) and § |, ](U) = [, [1SSi(U).

PWODNPE

Example 7. Let S Lyi1: ® Loyt — Loya ® Layq be aninvolutive map
defined by

aEij ® Eab) = qcij,ab ® Eij |f Eij < Eab

and let (, ) Lyr1 ® Lyy1 - Lo ® Lypq be a k-module morphism defined
by, if Ej < Ea,

(Bi» Bap) = otherwise

(0 — g HEy @ Ep if i<a<j and a<j<b
0
and(,)S= —(,). Then L, together with [, ],( , ), and SisaT-Lie algebra

Example 8. The quantum Lie algebras of Wambst (1993) with involutive
symmetry are T-Lie algebras.
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Definition 9. Let L beaT-Lie algebra. The universal enveloping algebra
U(L) of L is the factor k-algebra of the tensor algebra L® by the two-sided
ideal generated by

XYy —Sx®y) —[xy —xyxyel (12)

Similar generalized Lie algebras and universal enveloping algebras were
studied by Wambst (1993). The main difference with our point of view is
that in the generalized universal enveloping algebras defined by Wambst, the
additional term (, ) in (12) is a bilinear form. By developing such a bilinear
form as in Example 11, the generalized universal enveloping algebras of
Wambst are a particular case of (12).

Example 10. Bautista (1998) proved that as k-algebras,
U(Ln+1) = Ua—(gn+1)

Example 11. The Clifford algebras are universal enveloping algebras of
T-Lie algebras. DefineM = M@k (, > MM - M® M, (x, y) = f(x, y)1
®1,0xyeM wheref(1,1) =f(x,1) =f(1,X) =0, 0x € M. Let S
MOM - MOM Sx®Y) = -y®x, x®1) =1 x,0Oxe M, =

1 Then M is a T-Lie algebra with presymmetry S, bracket [ ,] = 0, and
pseudobracket ( , ), and its universal enveloping algebrais a Clifford algebra,
UM) = &AM, )

5. QUANTIZED UNIVERSAL ENVELOPING ALGEBRAS AS
BRAIDED HOPF ALGEBRAS: THE CASE A,

The presymmetry of the T-Lie algebra L,,,, preserves the defining rela-
tions of Ug(slai1). Therefore, o can be extended to o: Uy(slii) &
Ug(slite) - Ug(Slns1) ® Uq(sliiq) satisfying (7) and (8) relative to the
multiplication map m of Ug(Sliy1).

Proposition 12. The map ¢(Ei(i+1)) = Ei(i+1) ®1+1® Ei(i+1)a 1=
i= n, induces an agebra morphism ¢: Ug(slirr) » Ug(Sis) Qo
Uq(lasa)-

Proof. Direct computations show that the defining relations of
Uq(Sln+1) are preserved. m

Since ¢ is coassociative on the generators E;, i = 1, ..., n, ¢ is
coassociative on each element of Uy(Slas1).
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5.1. Counit

The antipode and the counit of ¢ can be constructed in a similar way
to the classical Lie algebra case.

The commutative ring k is a T-Lie algebra in the obvious way and the
zero morphism 0: L., — kisamorphism of T-Lie algebras; then e = U(0):
Uq(Sln+1) — U(K) = k is a morphism of associative k-algebras.

Proposition 13. Let € = {E,, ..., E.}. Then
d)(E|1)(l)(E|m) = Eim"' E|m®l+2uj®vj
i

:l®Eil...Eim+Ea{®b|
|

where each u;, v;, @, by is a nonempty product of basic elements in Z. It
follows that

(l ® G)d)(Eil) e d)(E'm) = Ei1 P Eim = (E ® 1)¢)(E|1) e d)(E,m)
Since # is a generator set of Ugy(slh.1), we get that e is the counit for ¢.

5.2. Antipode

A fundamental concept in the Delius and Gould (1996) quantum Lie
algebra theory is g-conjugation. In this paper, we use a modified version of
g-conjugation.

Definition 14. The C-algebraautomorphism C[g, 9 Y] - C[g,q7Y],g—
gt is caled g-conjugation.
Let usfix thering k as C[q, 1] and let L be L, as a T-Lie algebra.

Definition 15. 1. The opposite T-Lie algebra L% is the C[q, g~ ']-module
that coincides with L as a set, has module structure induced by change of
fields through g-conjugation, and has T-Lie algebra structure given by

[ 1P=-[.1, SP=s% ()®=-()

2. Let m be the product of U(L). The opposite algebra U(L)" is the
C[q, g !]-algebra that coincides with U(L) as a set, has C[q, g *]-module
structure induced by change of fields through g-conjugation

_ 0 Cg, g7 ®U(L)®P - UL)®
and has product given by
mP=mo =_0_ UL)PR® UL)® - UL)®

3. We denote by U(L)¢aC[q, g~ *]-algebraobtained from U(L) by change
of fields through g-conjugation:
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— - —! C[q,9Y ®U(L) - UL)
Proposition 16. There exists a C[qg, g~ ]-algebra isomorphism
v: UL - UL)*
suchthatq—q 4 E—E,i,=1,...,n

Proof. The relations
YEYE) = (@ + a7 - vEWE)NYE) + vENWE) if ¢ =-1
YENE) = yEWE) if ¢ =0
are the defining relations of Uy(Slh:1). =
Definition 17. Theset% = {E;|1 =i <j =n + 1} iscalled acanonical
basisof L,

Proposition 18. Let L = Ly ,1.
1. The k-algebra U(L)°" is associative and L is a basic T-Lie algebra
2. Themapn: L - L, x — —xis aT-Lie algebra morphism.

3. There exists an isomorphism of k-algebras,
U(L®) = U(L)*
Proof.
1. The braid equation for o together with conditions (7) and (8) ensure

the associativity property of m™.
2. The following diagrams commute:

LeoL Lty LOL — L®L
n®n | L A n®n | 1 m®m
L° ® L LT o Lop @ Lop 57, |op @ Lop
L®L L) L®L
n®n| 1 m®m

o

LOoP & LoP L_) Lo & |oP

B PUto(Xx®y) =pyy ®xand Sx ®Yy) = ggy @ x for any x, y
elements in the canonical basis.% of L and where py, 04, \i € C[q, 9.
If X, y e & and x <y, the defining relations of U(L) can be written as

—(xy — pYX — X Y] — X, V)

= Po¥YX — Py PoXy + [X Y] + (X, y)
=x0y = py -y OX = [X Y] — (X, y)® (13)
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This means. U(L) is the algebra with defining relations (13), which are the
defining relations of U(LP). m

Proposition 19. There exist a morphism of k-algebras
n: UL - Ub)*
such that n(x) = —x, Ox € L.
Consider the quantum plane AZ° defined by the ring
AZ° = k(x, Y)yx — axy)

where k(x, y) means an associative algebra freely generated by X, .
For positiveintegersi = m, we define by the equation in AZ° the numbers

(T‘)q, x+ym= (T)q X"y

Lemma 20:

s

(m) (—1)igi-9 = 0
qZ

i=0

Proof. See Jantzen (1996), p. 6, equation (4) and warning 0.4. m

Lemma 21. If v: U(L)*P - U(L)¢isthe natural C[q, o' Y]-linear inclusion
and k = y 10 07, then:
1

S (m . . )
¢(Ej)m=§‘,(.>2Ejm'®E;, 1=j=n
q

ER1QEYNER2QER...(EMu® EW

2

= Pa<bljplaNy— I EM—i1ENR—i2 ny—i i1Ei2 i
gra=blaala WEITUER™2 | Efutv @ EREZ ... EjY

(AIQk)(ERER 2,  EMv® ERER... El
= Fa<bGaiplalbENIER 2 EMu-lu @ m(ElY) ... n(ER
4. Forj=1,...,n,
n(E) = (-1)'q'"VE]

5. Denote by m the product of Ug(sli:q). If ny, ..., n, are positive
integers, then
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M1 k)GER...EM) =0, 1=<jj,...,ju=n
Proof. By straightforward computations. By example, define
c= agb Ciajnla(Ma — ib)
Then
m(1 ® k)(ESL ... Eju
= M1 @ M)d(E)™ . .. d(E)"™

Ng,...Ny
q

Iy
o

Ml /g n ) ) ) . )
= S (M), () g - e - e
i 2 2
q

i1,,1y=0 IU q
n1,..,Ny—1
Ny : . : )
= E '_11 O qza<bqajblanjbEjnlrll... Efu-1-iu-1
o
i1, iu—1=0 I q2 lu—1 q2

Nu
) (n) (D DERm(EY .. nEP =0 =

ii=o \lu o
Proposition 22. Let «: U(L)® - U(L) the natural C[g, q Y]-linear
inclusion. Then, the C[q, g *]-linear morphism
K=7vy °uvemn: U(L) - ULL)
is the antipode for the coproduct ¢.

Theorem 23. The C[q, q~*]-algebra Uy(s1+1) with coproduct ¢, counit
€, and antipode « is a braided Hopf algebra.
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